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Abstract. We provide a rigorous derivation of a quantum filter for the case of
multiple measurements being made on a quantum system. We consider a class
of measurement processes which are functions of bosonic field operators, including
combinations of diffusive and Poissonian processes. This covers the standard cases from
quantum optics, where homodyne detection may be described as a diffusive process
and photon counting may be described as a Poissonian process. We obtain a necessary
and sufficient condition for any pair of such measurements taken at different output
channels to satisfy a commutation relationship. Then, we derive a general, multiple-
measurement quantum filter as an extension of a single-measurement quantum filter [1].
As an application we explicitly obtain the quantum filter corresponding to homodyne
detection and photon counting at the output ports of a beam splitter, correcting an
earlier result [2].
1. Introduction
An optimal filter provides the best estimate of unknown variables through a set of
observations of a system. To construct the filter, we need three key ingredients. The
first is the probability law corresponding to an observation event. The second is the
conditional expectation, which relates an observation result to the unknown variables.
Finally, we need to construct the stochastic differential equations, which describe the
estimation result.
The quantum filtering problem was considered in the early 1980’s in a series of articles
by Belavkin [3, 4, 5]. In quantum mechanics, any two random variables (represented
by operators) do not always commute. This fact requires an extension of Kolmogorov’s
classical probability theory to the non-commutative probability theory used in quantum
filtering. In the theoretical physics community, the quantum filtering problem is known
under the names of the stochastic master equation and quantum trajectory theory [6, 7].
Quantum filters are typically derived for the case of single measurements. The
quantum filtering problem with multiple output fields has been developed using quantum
trajectory theory in Refs. [7, 8] with application to multiple-input multiple-output
(MIMO) quantum feedback [9]. In Ref. [10], the multiple-output measurements of the
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generalized “dyne” type were also considered for the case of a zero-mean jointly Gaussian
state. It is desirable to extend these results to cover a wider class of measurements, e.g.,
to include both homodyne detection and photon counting in a quantum optics setting.
However, in the case of multiple measurements, it is not clear whether every possible
combination of measurements will satisfy the commutation relations required for a joint
probability density of the multiple measurements to exist.
A jump-diffusive quantum trajectory has also been derived in Ref. [11] using a classical
Markov chain approximation of the environmental field, where the system is assumed
to interact with the environment over a small time interval. The infinitesimal generator
of the Markov process is obtained as the limiting case when the interaction time goes to
zero. Recently Ref. [12] proved that for a general class of stochastic master equations
(SME) driven simultaneously by Wiener and Poissonian process, the quantum filter
possesses sub-martingale properties for the fidelity between the estimated state and
the actual state. Our quantum filter’s SME descriptions will also fall within a class
of the SMEs considered in Ref. [12]. However, we derive the filter using quantum
stochastic calculus for a class of measurement processes which are functions of bosonic
field operators, including combinations of diffusive and Poissonian processes.
Within the experimental quantum optics community, simultaneous measurement of
quantum systems are frequently performed [13, 14, 15]. Previously, non-classical states
of light have been reconstructed via post-processing of homodyne detection measurement
data [16, 17]. The thousands of homodyne detection records triggered by photon counts
were sampled to construct a Wigner function using a heuristic time window approach.
One could replace this procedure with the more systematic quantum filtering approach
for multiple measurements that we have derived. In addition to this, the quantum
filtering approach using both homodyne and photon counting detections could possibly
be used as a solution to the number-resolved photon counting problem, [18].
The purpose of this article is to derive using quantum stochastic calculus, the quantum
filter corresponding to multiple measurements made on a quantum system. To achieve
this, we first investigate the commutativity of multiple measurement processes [5]. We
use the definitions of concatenation and series product [19] to describe quantum systems
composed of multiple interacting open quantum systems, each of them described by
(S, L,H) parameters [20]. We then formulate a general quantum filter for a quantum
system with a finite number of commutative measurements.
We will show that the quantum filter for a quantum system with multiple measurement
outputs can be described by a stochastic master equation for the conditional density
operator as follows,
dρt =
[
−i [Ht, ρt] + L⊤ρtL∗ − 1
2
L†Lρt − 1
2
ρtL
†L
]
dt︸ ︷︷ ︸
a-priori
+ ζ⊤Σ−⊤dW︸ ︷︷ ︸
innovation term
. (1)
This equation includes an a-priori part which is the original unconditional quantum
master equation, and a stochastic part which is contained in the innovation term. The
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Figure 1. Simultaneous photon counting and homodyne detection at the outputs of
a beam splitter in a quantum optics experiment.
innovation term relates the measurement records to the evolution of the conditional
density operator. In this equation, dW is a vector of the “error” between the actual
measurement and the expected value. ζ⊤Σ−⊤ is the weighting function which associates
the contribution of each measurement to the total increment of the conditional density
operator. Generally, the evolution of the conditional density operator above will contain
both diffusion and jump processes, which allows for simultaneous photon counting and
homodyne detection.
We apply our filter to the simple case of photon counting and homodyne measurement
at the outputs of a single beam splitter [21]. Figure 1 shows a typical arrangement
of photon counting and homodyne detection at the output ports of a beam splitter in
a quantum optics experiment. In Ref. [2], simultaneous continuous measurement of
photon counting and homodyne has been considered. However, their derivation does
not appropriately account for the presence of the beam splitter. We correct the result
of Ref. [2], and then give our result for the photon counting and homodyne detection
filter in the form of an unnormalized stochastic Schro¨dinger equation (SSE).
We refer the readers to Ref. [1] for background material, such as an introduction
to quantum stochastic calculus, quantum probability, and quantum non-demolition
measurements. Furthermore, without loss of generality, the field is assumed to initially
be in the vacuum state and the reduced Planck constant ~ is set to one. We will
assume that the quantum stochastic differential equation (QSDE) parameters S, L,H
are bounded to ensure that the corresponding solution is unique and unitary, as well as
reducing the technical difficulties that arise.
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2. Preliminary
2.1. Notation
Von Neumann algebras and σ-algebras are written in calligraphic symbols (e.g. B for the
Borel σ-algebras on R). As usual, classical probability spaces are written as (Ω,F , µ).
Eρ will be used for the expectation of an observable with respect to the density matrix ρ.
Plain capital letters (e.g. P ) will be used to denote elements of von Neumann algebras.
Bold letters (e.g. X) will be used to denote a matrix whose elements are Hilbert space
operators. Serif symbols (e.g. H) are used for Hilbert spaces. Hilbert space adjoints,
are indicated by ∗, while the complex conjugate transpose will be denoted by †, i.e.
(X∗)⊤ = X†. For single-element operators we will use ∗ and † interchangeably. The
Hilbert space inner product of X and Y is given by 〈X, Y 〉. The commutator of X and
Y is given by [X, Y ] = XY − Y X .
2.2. Multiple Output and Input Channels Open Quantum System
The dynamics of an open quantum system with multiple bosonic field input and output
channels can be described via annihilation, creation and conservation processes. First,
let zk, k ≥ 1 in V be a complete orthonormal basis. A single particle Hilbert space h is
defined as V ⊗ L2(R+). The symmetric Fock space over h is given by
Γ(h) = ⊕∞n=0h s©n, (2)
where h s©n is the n−fold symmetric tensor product of h. The exponential vector
e(u) ∈ Γ(h) is defined as
e(u) = ⊕∞n=0
1√
n
u⊗
n
. (3)
The vacuum vector Φ corresponds to the exponential vector with u = 0, whilst other
coherent vectors ψ(u) are the normalized exponential vectors e(u), u 6= 0. The Weyl
operator W (u, U), u ∈ h, U ∈ B(h) is a unique unitary transformation operating on e(u)
defined by [20, §20]
W (u, U)e(v) =
{
exp
(
−1
2
‖u‖2 − 〈u, Uv〉
)}
e (Uv + u) . (4)
For any f ∈ h, let us define fk(t) ≡ 〈zk|f(t)〉. The annihilation Ak(t), creation A†k(t)
and conservation Λ†kl(t) processes related to the orthonormal basis zk are given by [22],
Ak(t) ≡ a(zk ⊗ I(0,t]), (5a)
A
†
k(t) ≡ a†(zk ⊗ I(0,t]), (5b)
Λ†kl(t) ≡ λ(|zk〉〈zl| ⊗ I(0,t]), (5c)
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here the operators a, a† and λ is the Stone generator of the corresponding Weyl
operators, defined for H = |zk〉〈zl| ⊗ I(0,t] and u = zk ⊗ I(0,t],
W (0, exp(itH)) = exp(−itλ(H)), W (tu, I) = exp(−itp(u)),
q = p(iu), a(u) =
1
2
(q(u) + ip(u)) , a†(u) =
1
2
(q(u)− ip(u)) .
In the coherent vector domain, the following commutation relations hold,
[Ak(t), Al(s)] =
[
A
†
k(t), A
†
l (s)
]
= 0 ,
[
Ak(t), A
†
l (s)
]
= δklmin(t, s). (6a)
In addition, other commutation relations can be obtained using the general Itoˆ
multiplications as below [20, 22],
dt ≡ dΛ00 , dAk ≡ dΛ0k , dA†k ≡ dΛk0, (7a)
dΛk ≡ dΛkk , dΛkr(t)dΛsl(t) = δˆrsdΛkl, (7b)
where δˆrs = 0, ∀r = 0 ∪ s = 0 and δˆrs = δrs otherwise. The evolution of a system
observable in the Heisenberg picture is given by
Xt ≡U †t (X ⊗ I)Ut (8)
Let G be an open quantum system with parameters (S,L, H), and SS† = S†S = I. For
any system observable X , the following QSDE in the Heisenberg picture is obtained,
dXt = (−i [Xt, Ht] + LL(Xt)) dt+ dA†tS†t [Xt,Lt] +
[
L
†
t , Xt
]
StdAt
+ tr
[(
S
†
tXtSt −Xt
)
dΛ⊤t
]
, (9)
where LL(Xt) = 12L†t [Xt,Lt] + 12
[
L
†
t , Xt
]
Lt, is the Lindbladian super operator, and
all operators evolve according to Eq. (8), i.e. Lt ≡ U †t (L⊗ I)Ut. In the Schro¨dinger
picture, the corresponding unitary operator evolution is
dUt =
[
tr
[
(S− I) dΛ⊤t
]
+ dA†tL− L†SdAt −
(
1
2
L†L+ iH
)
dt
]
Ut , U0 = I (10)
The evolution of the output fields is given by [19]
dA˜t =StdAt + Ltdt, (11a)
dΛ˜t =S
∗
tdΛS
⊤
t + S
∗
tdA
∗
tL
⊤
t + L
∗
tdA
⊤
t S
⊤
t + L
∗L⊤dt. (11b)
Subsequently, we will show our first result, which will ensure that for a class
of output measurements, the commutation relation is satisfied, and hence the
corresponding joint probability density function exists.
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3. Main Results
3.1. Commutativity of Open Quantum System Output Channels
Definition 3.1. [Commutator of two vectors with non-commutative elements] Let
a,b ∈ B(H)n×1 be vectors whose elements are non-commutative. The commutator
of a pair a,b is given by
[a,b] =ab⊤ − (ba⊤)⊤ . (12)
Notice that in Definition 3.1, in general,
(
ba⊤
)⊤ 6= ab⊤ due to the non-
commutativity of the elements in the pair a,b. We further define the self-commutator
of a vector a whose elements are non-commutative as [a, a]. It is important to see that
the self-commutator is not always equals to zero, as the following simple example shows.
Example 3.1. Let a =
[
a a†
]⊤
,where a is an annihilation operator defined for a Fock
space Γ(h). Then by Definition 3.1, the self-commutator of a is given by
[a, a] =aa⊤ − (aa⊤)⊤
=
[
aa aa†,
a†a a†a†
]
−
[
aa a†a
aa† a†a†
]
=
[
0 1
−1 0
]
.
As the definition and example clearly show, for self-commutator, commutativity
is implied by the symmetry properties of aa⊤. Now consider a general measurement
equation, which is a function of the field output annihilation, creation, and conservation
processes,
dYt =F
∗
tdA˜
∗
t + FtdA˜t +Gtdλ˜t, (13)
dλ˜t =diag
(
dΛ˜t
)
.
Substituting Eq. (11) into (13), we can write the general measurement equation as
dYt =F
∗
tda1 + Ftda2 + da3 +Gt (db1 + db2 + db3 + db4) , (14a)
where
da1,i =
n∑
k=1
S∗ikdΛk0, da2,i =
n∑
k=1
SikdΛok, da3,i =
n∑
k=1
[(FL)∗i1 + (FL)i1] dt,
(14b)
db1,i =
n∑
k,k′=1
S∗ikdΛkk′S
⊤
k′i, db2,i =
n∑
k=1
S∗ikdΛk0L
⊤
1i, db3,i =
n∑
k=1
L∗i1dΛ
⊤
0kS
⊤
ki, (14c)
db4,i =
n∑
k=1
L∗i1L
⊤
1idt. (14d)
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Based on Eq. (7), most of the multiplication products between the dY elements are
zero, while the remaining terms are listed in Table 1.
× db⊤1 db⊤2 da⊤1
db1
∑n
k,l,l′=1 S
∗
ikS
⊤
liS
∗
jlS
⊤
l′jdΛkl′
∑n
k,l=1 S
∗
ikS
⊤
liS
∗
jlL
⊤
1jdΛk0
∑n
k,l=1 SikS
⊤
liS
∗
jldΛk0
db3
∑n
l,l′=1L
∗
i1S
⊤
liS
∗
jlS
⊤
l′jdΛ0l′
∑n
k=1L
∗
i1S
⊤
kiS
∗
jkL
⊤
1jdt
∑n
k L
∗
i1S
⊤
kiS
∗
jkdt
da2
∑n
k,l′=1 SikS
∗
jkS
⊤
l′jdΛ0l′
∑n
k=1 SikS
∗
jkL
⊤
1jdt Iijdt
Table 1. Itoˆ multiplication table for the dY components.
Remark 3.1. A set of measurements Yt made at the output of a quantum system is
self-commutative if and only if dYtdY
⊤
t is symmetric.
This fact follows directly from Definition 3.1. Now we state the following Lemma
to prove our main result on the commutation relation for a finite number of outputs of
an open quantum system.
Lemma 3.1. The off diagonal elements in the Itoˆ Table 1 for multiplication between
the dY elements are zero.
Proof. For every entry in Table 1, we have
n∑
l=1
S⊤kiS
∗
jk =
n∑
l=1
S⊤liS
∗
jl =
(
StS
†
)
i,j
= (I)i,j = 0, ∀i 6= j,
which shows that the non-diagonal elements of the multiplication results are zero.
Theorem 3.1. A set of n general measurements (13) Y is self-commutative for any
multiple-output quantum system with n channels if and only if,
[
F F∗
] [
0 I
−I 0
][
F⊤
F†
]
=0, (15a)
[
G F∗
] [
0 I
−I 0
][
G⊤
F†
]
=0, (15b)
[
G F
] [
0 I
−I 0
][
G⊤
F⊤
]
=0. (15c)
Furthermore, Eq. (15a) is equivalent to ℜ(F)ℑ(F)⊤ being symmetric, Eq. (15b)
is equivalent to both ℜ(G)ℜ(F)⊤,ℑ(G)ℑ(F)⊤ being symmetric whilst Eq. (15c) is
equivalent to both ℜ(G)ℑ(F)⊤,ℑ(G)ℜ(F)⊤ being symmetric.
Proof. Let Y be a generalized measurement whose evolution is given by (13). Then
to prove the theorem, Remark 3.1 shows that it is sufficient to show that dYdY⊤ is
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symmetric in order to show that all measurement outputs commute with each other.
Simplifying Table 1 to Table 2 and evaluating the dYdY⊤, from Table 2, one obtains,(
dYdY⊤
)
ij
=
(
G
[
db1db
⊤
1 + db1db
⊤
2 + db3db
⊤
1 + db3db
⊤
2
]
G⊤
)
ij
+
(
G
[
db1da
⊤
1 + db3da
⊤
1
]
F†
)
ij
+
(
F
[
da2db
⊤
1 + da2db
⊤
2
]
G⊤
)
ij
+
(
Fda2da
⊤
1 F
†
)
ij
=
(
GO1G
⊤ +GO2F
† + FO3G
⊤ + FF†
)
ij
dt. (16)
By Lemma 3.1, we have O1,O2 and O3 are diagonal matrices. Since every diagonal
element of Oi, i = 1, 2, 3 has different creation, annihilation and conservation processes,
by Table 2, requiring dYdY⊤ to be symmetric is equivalent to the symmetry of
GO1G
⊤,GO2F
†,FO3G
⊤ and FF†. For the first term, we have GO1G
⊤ = (GO1G
⊤)⊤,
which is satisfied for all G. Furthermore, for FF†, we have the symmetry condition
FF† =F∗F⊤, (17)
which is equivalent to ℜ(F)ℑ(F)⊤−ℜ(F)⊤ℑ(F) = 0, and in turn equivalent to condition
Eq. (15a). For GO2F
†, we have the symmetry condition
(
GO2F
†
)
ij
=
(
GO2F
†
)
ji
=
n∑
k=1
GjkO2,kkF
†
ki. (18)
Since every diagonal element of O2 will have a different creation process at each k,this
condition is equivalent to the equality being satisfied for every k, which is equivalent to
the conditionGF† = F∗G⊤. This equality is equivalent to the symmetry of ℜ(G)ℜ(F)⊤
and ℑ(G)ℑ(F)⊤. Using a similar argument, the third line of Eq. (16) is also equivalent
to the condition GF⊤ = FG⊤, but this equality is equivalent to the symmetry of
ℜ(G)ℑ(F)⊤ and ℑ(G)ℜ(F)⊤, which completes the proof.
× db⊤1 db⊤2 da⊤1
db1
(
SdΛ⊤S†
)
ii
(
S∗dA∗L⊤
)
ii
(S∗dA∗)i
db3
(
SdAL†
)
ii
(
L∗L⊤dt
)
ii
(Ldt)i
da2 (SdA)i (L
∗dt)i dt
Table 2. Itoˆ multiplication table for dY components.
To clarify this result, we provide a few examples. In the case of a quantum system
with two output channels, both subject to homodyne detection, F = I and G = 0. The
case of photon counting measurement at both output channels is given by F = 0 and
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G = I. A combination of homodyne detection and photon counting measurement is
given by
F =
(
1 0
0 0
)
, G =
(
0 0
0 1
)
.
In these cases the self-commutativity condition of Theorem 3.1 can be easily verified.
However, taking
F =
(
0 0
1 0
)
, G =
(
1 0
0 0
)
,
means that the first measurement is homodyne detection on the first output channel,
and the second is the photon counting measurement on the same channel. Now, FG⊤ is
not symmetric, thus by Theorem 3.1 the measurement vector is not self-commutative. In
the next subsection, we will present our second result, which gives a general derivation
of a quantum filter for a set of commutative measurements.
3.2. General Quantum Filter For Multiple Compatible Measurements
To derive a quantum filter for multiple measurements, we follow the characteristic
function method described in Refs. [23, 24]. We will use the following notation to
denote the conditional expectation,
pi(X)t = Xˆt = Eρ0⊗Φ [Xt|Yt] , (19)
where ρ0 is the initial system density matrix, Φ is the vacuum state of the field, and Yt
is a commutative von Neumann algebra generated by measurements Yt.
Theorem 3.2. Let {Yi,t, i = 1, · · ·N} be a set of N compatible measurement outputs for
a quantum system G. With vacuum initial state, the corresponding joint measurement
quantum filter is given by
dXˆ =pit [−i [Xt, Ht] + LL(Xt)] dt+
N∑
i=1
βi,tdWi,t, (20)
where dWi,t = dYi,t−pit (dYi,t) is a martingale process for each measurement output and
βi,t is the corresponding gain given by
β =Σ−1ζ, (21a)
ζ⊤ =pit
(
XtdY
⊤
t
)− pit (X) pit (dY⊤t )+ pit ([L†t , Xt]StdAdY⊤t ) , (21b)
Σ =pit
(
dYtdY
⊤
t
)
, (21c)
where Σ is assumed to be non-singular.
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Proof. First, define a Yt-measurable Itoˆ exponential cft with respect to arbitrary
functions {fi,t} whose derivative is given by,
dcft =cft
[
N∑
i=1
fi,tdYi,t
]
= cftdY
⊤
t ft. (22)
Now the dynamics of the conditional expectation are assumed to be in the form of the
following equation,
dXˆ =αtdt+ β
⊤
t dYt, (23)
where αt and βi,t are to be determined from the conditional expectation relation
Eρ0⊗Φ [Xtcft |Yt] = Eρ0⊗Φ [Eρ0⊗Φ [Xt|Yt] cft ] ,
pit (Xtcft) = pit
(
Xˆtcft
)
. (24)
From the QSDE of a system observable in Eq. (9), Eq. (22), and the definition of
conditional expectation (24), we have
dpit [Xtcft ] =pit (dXtcft +Xtdcft + dXtdcft) , (25a)
pit [dXtcft ] =pit [−i [Xt, Ht] + LL(Xt)] cftdt, (25b)
pit [Xtdcft ] =cftpit
(
XtdY
⊤
t
)
ft, (25c)
pit [dXtdcft ] =cft
([
L
†
t , Xt
]
StdAdY
⊤
t
)
ft, (25d)
while dpit
[
Xˆtcft
]
given by,
dpit
[
Xˆtcft
]
=pit
(
dXˆtcft + Xˆtdcft + dXˆtdcft
)
, (26a)
pit
[
dXˆtcft
]
=cft
[
αtdt+ β
⊤
t pit (dYt)
]
, (26b)
pit
[
Xˆtdcft
]
=pit (X) cftpit
(
dY⊤t
)
ft, (26c)
pit
[
dXˆtdcft
]
=cftβ
⊤
t pit
(
dYtdY
⊤
t
)
ft. (26d)
Equating (25b) and (26b), solving for αt and then substituting the result into Eq. (23),
we obtain,
dXˆ =pit [−i [Xt, Ht] + LL(Xt)] dt+ β⊤t [dYt − pit (dYt)] ,
=pit [−i [Xt, Ht] + LL(Xt)] dt+ β⊤t dWt. (27)
Furthermore, using the fact that the function ft is arbitrary, we can equate the right-
hand-side of Eqs. (25) and (26), which recovers βi,t,
β⊤t =ζ
⊤Σ−1, (28)
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where ζ and Σ are a real valued row vector and a real valued matrix, respectively given
by,
ζ⊤ =pit
(
XtdY
⊤
t
)− pit (X) pit (dY⊤t )+ pit ([L†t , Xt]StdAdY⊤t ) , (29a)
Σ =pit
(
dYtdY
⊤
t
)
. (29b)
Proof of the martingale properties of Wi,t is given in Ref. [1, proof of Theorem 7.1].
A restricted form of Theorem 3.2 has been independently proven in Ref. [10,
Theorem 9] using the “reference probability” approach. This result applied to a class
of generalized homodyne detection measurements, i.e. G = 0.
The result of Theorem 3.2 can be generalized further to include coherent initial states
ψ(u) by introducing a Weyl operator in Eq. (4). To do this, we select U = I and
u 6= 0, in the Weyl operator parameters, and transform all of the fundamental quantum
processes Mt in Equation (5) into Mt(u) = W (u, I)
†MtW (u, I). [1, 20].
The dynamics of the quantum filter can also be expressed using the following equation,
dXˆ =pit [−i [Xt, Ht] + LL(Xt)] dt+ ζ⊤Σ−1dW. (30)
From a classical filtering point of view, Eq. (30) possesses some similarities to the
Kalman filter, where pit [−i [Xt, Ht] + LL(Xt)] dt is the a-priori estimate and ζ⊤Σ−1 is
analogous to the Kalman gain which multiplies the innovation process dW.
Remark 3.2. Theorem 3.2 requires the existence of an invertible differential measurement
correlation matrix Σ, which is a sufficient condition for the joint measurements to be
obtainable from a single quantum filter equation. This condition, however, is not
a necessary condition, as we will encounter in Section 4.1, where in a case of zero
reflectivity, the quantum filter equation exists although Σ is not invertible.
In most cases of nonlinear estimation, Eq. (30) is merely a representation for the
estimator and cannot be interpreted as an explicit solution to the filtering problem [25].
As in the classical filtering problem, explicit solutions to the general nonlinear filtering
problem can be obtained using a variety of approximation methods [26, 27]. However, in
the quantum filter, rather than approximating the explicit solution of Eq. (30), one can
convert the filtering problem in Eq. (30), which is given in the Heisenberg picture, into
the Schro¨dinger picture. Then one deals with the evolution of the system’s conditional
density operator at time t, ρt. As described in Ref. [28], by means of the relation
pit(X) ≡ tr(ρtX), one can construct from Eq. (30),
dρt =
[
−i [Ht, ρt] + L⊤ρtL∗ − 1
2
L†Lρt − 1
2
ρtL
†L
]
dt︸ ︷︷ ︸
a-priori
+ ζ⊤ρ Σ
−⊤dW︸ ︷︷ ︸
innovation term
, (31)
where ζρ in the above equation is now only a function of the conditional density operator,
L and H , but not of the particular system observable X .
Finally, for numerical simulation efficiency, after truncating the Hilbert space dimension
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Figure 2. Quantum network depiction of the quantum optics setup of Figure 1
to a finite number n, instead of solving for the n×n conditional density operator in Eq.
(31), one can “unravel” this equation, and solve instead for the state vector |ψ〉, which
is an n× 1 vector. This unravelled equation is of the form
d|ψ〉 =− i
(
Ht − i1
2
L†L
)
|ψ〉dt+ σ(|ψ〉)dt+ δ(|ψ〉)dW, (32)
where σ(|ψ〉) and δ(|ψ〉) are operators which are linear with respect to the coupling
operator L.
4. Application of The Quantum Filter to Joint Homodyne Detection and
Photon Counting
4.1. Quantum Filter for Joint Homodyne Detection and Photon Counting
In this section, we derive the quantum filter for the setup shown in Figure 1. We define
two Fock spaces for the two corresponding input fields, the first Fock space for the
system input field is given by Γ1(h), while the vacuum field input at the upper-port of
the beam splitter is denoted by Γ2(h). Notice that if we restrict ourself to work in the
linear span of coherent states, the Fock spaces Γi i = 1, 2 possesses a continuous tensor
product. For any time interval 0 ≤ s < t, the Fock space Γi can be decomposed into
Γi = Γi,s] ⊗ Γi,[s,t] ⊗ Γi,[t. (33)
The overall quantum system with the measurement setup in Figure 1 can be depicted
as shown in Figure 2. G1 is our system of interest, with parameters (I, L,H). We
concatenate the vacuum noise into our system by introducing a second open quantum
system, G2 , whose parameters are (1, 0, 0). The last open quantum system G3 is the
beam splitter, with parameters (S, 0, 0). The parameters of the composite quantum
system are obtained by taking the series product and the concatenation product [19],
giving G = (G1 ⊞ G2)⊲ G3 with parameters
(
S,S
(
L
0
)
, H
)
.
The output field of the system G1, As,t = U †t (I ⊗Ai,t)Ut, is an operator on hs⊗Γ1,t](h),
Quantum filtering for multiple diffusive and Poissonian measurements 13
while the vacuum field Av,t is an operator on Γ2,t](h). We denote the total Hilbert Space
as H = hs ⊗ Γ1(h)⊗ Γ2(h). The beam splitter equation is given by,
S =
(√
1− r2eiθ rei(θ+pi2 )
rei(θ+
pi
2
) √1− r2eiθ
)
, r ≥0. (34)
For homodyne measurement in the first output channel and photoncounting
measurement in the second output channel, we have
dYt =F
∗dA˜∗t + FdA˜t +Gdλ˜t,
F =
(
1 0
0 0
)
, G =
(
0 0
0 1
)
.
By Theorem 3.1, the measurement set dY is self-commutative. Substituting the general
beam splitter (34) and output field evolution (11), the measurements quantum stochastic
differential equations are given by,
dY1,t =
√
1− r2
((
eiθLt + e
−iθL
†
t
)
dt+ eiθdAi,t + e
−iθdA
†
i,t
)
+ ir
(
eiθdAv,t − e−iθdA†v,t
)
, (35a)
dY2,t =r
2
[
dΛi,t + LtdA
†
i,t + L
†
tdAi,t + L
†
tLtdt
]
+
(
1− r2) dΛv,t
+ i
(
r
√
1− r2
) [
dΛvi,t − dΛiv,t + LtdA†v,t − L†tdAv,t
]
. (35b)
These measurements can be proven to satisfy the non-demolition and self-non-demolition
properties, see Ref. [23]. Next, we can compute the expectation and the correlation of
the measurement time derivative as
pit (dY1,t) =
√
1− r2pit
(
eiθLt + e
−iθL
†
t
)
dt, (36a)
pit (dY2,tdY2,t) =pit (dY2,t) = r
2pit
(
L
†
tLt
)
dt, (36b)
pit (dY1,tdY1,t) =dt, (36c)
pit (dY2,tdY1,t) =pit (dY1,tdY2,t) = 0. (36d)
Using these values, β is then given by
β1 =
√
1− r2
(
pit
(
Xte
iθLt + e
−iθL
†
tXt
)
− pit (X)pit
(
eiθLt + e
−iθL
†
t
))
, (37)
β2 =
pit
(
L
†
tXtLt
)
pit
(
L
†
tLt
) − pit (X) . (38)
In the case that r → 1, the estimation problem reduces to an estimation problem with
a single photon counting process. The opposite case is more interesting. When r → 0,
the gain β2 has a non zero value, while the Poisson process has zero arrival rate, and
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hence the estimation problem reduces to an estimation problem with a single homodyne
detection. This is unsurprising since zero reflection ensures all photons pass through to
the homodyne detector.
We can unravel the stochastic master equation into the form Eq. (32). By using the Itoˆ
equivalence,
dρ = d|ψ〉〈ψ|+ |ψ〉d〈ψ|+ d|ψ〉d〈ψ|, (39)
one recovers the unravelled stochastic Schro¨dinger equation for the quantum filter,
d|ψ〉 =− i
(
H − i1
2
L†L
)
|ψ〉dt+ σ(|ψ〉)dt+ δ1(|ψ〉)dW + δ2(|ψ〉)dN, (40a)
σ(|ψ〉) =
([
1− r2
2
pit
(
e−iθL
†
t + e
iθLt
)]
L
+

r2pit
(
L
†
tLt
)
2
− 1− r
2
8
pit
(
e−iθL
†
t + e
iθLt
)2

 |ψ〉, (40b)
δ1(|ψ〉) =
√
1− r2
(
L− 1
2
pit
(
e−iθL
†
t + e
iθLt
))
|ψ〉, (40c)
δ2(|ψ〉) =

 L√
pit
(
L
†
tLt
) − 1

 |ψ〉. (40d)
Here, dW is equal to dW1, and dN is equal to the Poisson process of the second mea-
surement. The unravelled version of quantum filter given in Eq. (40) is normalized.
For the case r = 0 and r = 1, Eq. (40) is equivalent to stochastic Schro¨dinger equation
(SSE) for homodyne detection and photon counting respectively, given in Refs. [29, §6.1
§6.4],[30, §11.3 §11.4].
4.2. Comparison with results in Ref. [2]
In this subsection, we give a comparison of our quantum filter with the results of Ref.
[2]. Here, the unnormalized SSE for photon counting and homodyne detection was
formulated heuristically by the addition of two measurement operations, where every
operation determined the infinitesimal evolution of the unnormalized state. The SSE
for photon counting and homodyne was given in Ref. [2] as,
|ψ˜t+dt〉 = [1 + Adt+ (B − 1) dN + CdW ] |ψ˜t〉, (41a)
A = −iH − L
†L
2
+ L〈L+ L†〉, (41b)
C = B = L. (41c)
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In these equations, we are slightly abusing the notation, by denoting pit (X) = 〈X〉,
and setting local oscillator angle to θ = 0. To give a comparison of Eq. (41) with our
result in Eq. (40), one can consider the normalization of Eq. (41) as detailed in Ref.
[30, §11.4]. In general, the infinitesimal evolution given in Eq. (41), can be normalized
to the following normalized SSE,
d|ψt〉 =
[(
A+ Aˆ + CCˆ
)
dt+
(
BˆB − 1
)
dN +
(
C + Cˆ
)
dW
]
|ψt〉, (42a)
Aˆ =
3
8
〈C + C†〉2 − 1
2
〈A+ A†〉 − 1
2
〈C†C〉, (42b)
Bˆ =
1√
〈B†B〉 , (42c)
Cˆ = −1
2
〈C + C†〉. (42d)
Substituting these values into Eq. (41), one can get an SSE in the form of Eq. (40a),
with
σ(|ψ〉) =
[
1
2
〈L† + L〉L− 1
8
〈L† + L〉2
]
|ψ〉, (43a)
δ1(|ψ〉) =
[
L− 1
2
〈L† + L〉
]
|ψ〉, (43b)
δ2(|ψ〉) =
[
L√〈L†L〉 − 1
]
|ψ〉. (43c)
However Eq. (43) is not consistent with our result in Eq. (40a). In fact, Eq. (43) is
consistent with Eq. (40a) in the limiting case r = 0, which would correspond to a jump
process with zero arrival rate. The paper [2] claims to consider the case of simultaneous
jump and diffusion measurement processes, but the above comparison shows that it does
not account for the required beam splitter. The equivalence of the unnormalized SSE
in Ref. [2] with the quantum filter (40) is obtained when we take the beam splitter into
consideration. In this case, instead of A,B and C given in Eq. (41), we will have an
equivalent quantum filter as an unnormalized SSE given by
A = −iH − L
†L
2
+
(
1− r2)L〈L+ L†〉, (44a)
B = rL, (44b)
C =
√
1− r2L. (44c)
Equation (44) gives an intuitive interpretation of simultaneous filtering, where as
in Ref. [2], the unnormalized evolution of photon counting and homodyne detections
requires the addition of the two measurement operations, but with the appropriate beam
splitter gain.
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5. Simulation Results
This section will show a simulation of the proposed quantum filter for an empty cavity
with a number state as the initial condition. In this condition, the analytical probability
distribution of the number state is given by [29],
PN(t) =
(
n
N
)
µ(t)N − (1− µ(t))n−N , (45a)
µ(t) =1− e−γt. (45b)
Simulation results for different reflectivity factors are shown in Figure 3. The cavity
dissipative ratio γ is set to one. Figures 3a and 3b show single trajectory simulations
of the expected number operator for the case of pure photon counting measurement
and homodyne detection. Figure 4 shows the non-trivial case of a half-reflective beam
splitter r2 = 0.5. In this case, the quantum filter average of the number operator
converges to the analytical prediction (45) when the trial number is increased. Figure 4
also shows that the SSE formulated in [2] gives a biased average compared with the
analytical result.
t
0 1 2 3 4 5 6 7 8 9 10
〈N
〉
0
2
4
6
8
10
12
14
16
Evolution of Nˆ with decay rate γ
(a) r2 = 1
t
0 1 2 3 4 5 6 7 8 9 10
〈N
〉
0
5
10
15
Evolution of Nˆ with decay rate γ
(b) r2 = 0
Figure 3. Single trajectory Monte-Carlo realizations of the quantum filter with initial
number state and dissipation, with beam splitter reflectivity such that (a) r2 = 1 and
(b) r2 = 0.
6. Conclusions
We have derived a sufficient and necessary condition for a class of quantum measurement
output channels to satisfy a commutativity relation. The measurement class considered
is quite general compared to Ref. [10], since it covers not only homodyne type
measurements, but also photon counting type measurements. Furthermore, this
commutativity condition enables us to derive a quantum filter corresponding to multiple
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100 trial average
100 trial average + stdev
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Ref. [2], 100 trial average
Figure 4. Expected of number operator as a function of time with number state
initial condition and dissipation. The average of 100 Monte-Carlo trials along with a
comparison to the analytical results and result of Ref. [2]. This figure shows the case
of half reflective beam splitter r2 = 0.5. The quantum filter expected number operator
converges to the analytical prediction of Eq. (45). Figure 4 also shows that the SSE
formulated in Ref. [2] gives a biased expectation compared with the analytical result.
measurement outputs. We also provide examples of the quantum filter for homodyne
and photon counting detection. The quantum filter results were shown to be consistent
with the homodyne and photon counting quantum filters for both extreme cases, where
the reflectivity of the beam splitter is zero and one. In addition, the quantum filter also
corrected the result of Ref. [2], which ignored the effect of the beam splitter.
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